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22. 


ON ALGEBRAICAL COUPLES. 


[From the Philosophical Magazine, vol. xxvii. (1845), pp. 38—40.] 


Ir is worth while, in connection with the theory of quaternions and the researches 
of Mr Graves (Phil. Mag. [Vol. xxvi. (1845), pp. 315—320], to investigate the pro- 
perties of a couple iz--jy in which i, j are symbols such that 

=al +6), 
ij — ai + 65, 
ji= yi + èj, 
P-y + 85. 

If ix + jy ta, +jy =X + jY, 

then X =a ga, Way, + yoy Y yy 
Y= Can, + 6’ay, + Say + 8 1 
Imagine the constants a, 6... so determined that iz--jy may have a modulus of 


the form K («+ Ay) («+ py); there results one of the four following essentially inde- 
pendent systems 


1 —. gy. 
"Pha. 3 ah. uw 
A. i my CN than s xul 
j= ji= vit 8 
f = —rpdit+ (y +A + u8)j, 


X XY =) (y+ M) (e + ay) (n 39). 


X+pY= “(r+ 18) (@ + py) (© + uy) 
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The couple may be said to have the two linear moduli, 
OM) (+y), (y+ HB) (E+ my); 
as well as the quadratic one, 
su AHAD) Qr + m8) (e+ dy) (w+ my) 


the product of these, which is the modulus, and the only modulus in the remaining 
systems. 


i Pal 1 ae 
B. O pith te CFAR T: 
ij =ji = yi + 8, 
P=A+ wy +rpò)i— yj, 


f, 
X4 AY == (4:8) (& ny) (s -F p); 


1 
X + mY => (y + pò) (o Ay) (5 A). 


1 —— i 
C. Bes. quip. 
[PA py p) uj 
e (pg TiXMTNX —— )i dx D ual y 
ples m ytmtrad i+( ò tae 
ji= ft § 


í 
X-&XY =E (y+ M) (4j) (2 + my) 


(X uY =" (y+ pd) (w+ uy) (a, + dy). 


, $5 «uL —. 

2 — — de 

P= di + yt Oat Wj, 

cn tal —— wo (N+p NIMES; 
j-Cy-X*a5 ic (GP LS rou J» 
P= — Nui + (y +A + 9)j, 


[z tar= ot NS) (« + uy) Cn + AY); 


(X m=! (y+ nd) (etry) (a +m) 


e 


17 
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The formulae are much 
thus become 


A’. 


B; 
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simpler and not essentially less general, if w=—2. They 


P= 8i +Š 
j=ji=yi + Y, 
f= NÓ + wv, 
1 

X AY =t (yt AO) (try) (a t Ay). 


(Two linear moduli.) 
P= -& -ij 


-j-qv + B, 
feno 


AX+AY=F : (y + X8) (x F Ay) (a, F AY). 


P-- Bel) 
yero 
j- wi 8 
j--Xb- yj, 


X £&AY =45 (y 8) (wt Xy) (w F dy). 


P=- òi -ži 
Ü zu yi — ð, 
f= yi + 9j 
p= Nei + wy, 


X £AV =F (y £33) (6 Fry) (i + ry). 


There is a system more general than (A.) having a single linear modulus q(0X + Y): 


this is 
E. 


P= a (i — 0j) +0 qj, 
ij 24 ((— 6j) + 69), 
ji — y (— 0j) +69), 
j-36G6—8)- 9j 
0X - Y —q (02 - y) (02, +y); 


or, without real loss of generality, 
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E'. 7^ — a d, 
y = «i, 
ji— yi, 
Patita 
Y =qyy. 


To complete the theory of this system, one may add the identical equation 


q(®-— -Ma d by ( Óy' 
PIN 2 24s 8-4 e+ gape) (n Sgt eM): 
ET M = 9 — 0y) — (a — Oe’) 
a'y — ary’ 


l _&—6y a-é@ 


B SF: a re 
y determining the constants, so that 8-uMT WW = ey the system 


reduce itself to the form AX 


17—2 
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would 


